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The extraordinary properties of graphene surface plasmons like strong field confinement,
long propagation distance and tunability have made graphene an attractive alternative to
noble metals. However, it is still experimentally challenging to increase the resonance
frequency in graphene nanostructures beyond the mid-IR limit. In this work, we
investigate the blueshift of surface plasmon resonance frequency via plasmon hybridization in graphene disk stacks. Based on a nonretarded approach, we study the plasmon
hybrid modes in graphene disk stack structures, considering the optical coupling between
the uncouple eigenmodes of each disk. Through this methodology we were also able to
extract the scattered and absorbed fields. We find that due to plasmon hybridization in an
N-disk stack, each uncoupled mode splits into N hybrid modes. When the distance
between disks is close to the strong coupling limit, we observe that for each uncoupled
mode there is only one hybrid mode that is blue-shifted compared with the resonance
frequency of its respective uncoupled mode. Analysis of the hybridization by reducing the
distance between disks shows that in the transition between the weak and strong
coupling regimes the interaction is mainly driven by the coupling of edge plasmons. For a
stack with 25 graphene disks having a Fermi level of 1.0 eV and a 50 nm disk diameter, we
observe that surface plasmon hybridization can effectively blueshift the resonance
frequency up to 0:69 eV (1.8 μm). In addition, compared to a single graphene disk with
the same diameter, the 25-disk stack can increase the peak of absorption and scattering
cross sections by 12 and 38 times, respectively, opening up a wide range of applications
for graphene surface plasmons in the near-infrared regime.
& 2014 Elsevier Ltd. All rights reserved.
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1. Introduction
Surface plasmons on doped graphene have attracted
significant interest due to their extraordinary properties,
like strong field confinement, long propagation distance
and tunability, making them an attractive alternative to
surface plasmons on noble metals [1,2]. A number of
experiments have demonstrated that localized surface plasmons can be effectively excited by free space photons in
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graphene nanostructures like nanodisks or nanoribbons
[1,2], which offers the possibility to control the resonance
frequency not only by chemical doping or gate voltage, but
also by adjusting the nanostructure size [2]. However,
graphene surface plasmons normally exist in the midinfrared (IR) and terahertz range, due to the low carrier
concentration attainable in graphene in comparison with
noble metals [1,3]. While the resonance frequency of
graphene nanostructures can be blueshifted in theory by
increasing their carrier concentration or reducing their
size [4,5], it is still experimentally challenging to push
the resonance frequency significantly beyond the midIR range.
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An alternative method to increase the resonance frequency of graphene surface plasmons beyond the mid-IR
range is by critical coupling of surface plasmons in singlelayer graphene with wave guided modes [6]. Through this
method it has been proven it is possible to achieve a strong
optical response at a wavelength of 1.5 μm. However, since
the physical mechanism used by this approach is based on
the absorption properties of graphene beyond the plasmonic response, some interesting features of surface
plasmons like electrical tunability or field enhancement
cannot be explored. Another feasible method for increasing surface plasmon resonance frequency in graphene is
via surface plasmon hybridization [1,7]. Due to the quantum nature of Dirac fermions, plasmon hybridization by
using graphene stacks can efficiently increase the resonance frequency and the amplitude of surface plasmon
modes [3,8].
In this work we investigate the extreme blueshift of the
surface plasmon resonance frequency by plasmon hybridization in graphene disk stacks. We begin with an
analysis of the hybridization of surface plasmon modes
by reducing the distance between disks. Then we focus on
hybrid modes whose resonance frequencies are blueshifted with respect to their original uncoupled modes,
and study the physical mechanism involved in the hybridization process. In the last section, we explore some
extreme cases, regarding the maximum gap between disks
for strong coupling between surface plasmons, maximum
blueshift of resonance frequency physically attainable
through hybridization in a stack configuration, and the
absorption and scattering spectra for an extreme blueshift
case. Our work is focused on dipolar plasmons, since these
modes can be easily excited by plane waves.
The study is based on semi-analytical expressions
obtained from the problem of graphene disk stacks under
a non-retarded approach, which has been proved to
accurately represent the interaction between electromagnetic waves and localized surface plasmons on graphene
nanostructures at long wavelengths [9–12]. Our method is
a combination of the work done by Fetter [13], to extract
the eigenmodes of the uncoupled surface plasmons for
disk geometry, and the optical coupling theory [14], which
considers the effects of interparticle coupling. Through the
optical coupling theory, we construct an eigenvalue equation, from which the coupled or hybrid modes are
extracted. Unlike the coupled dipole theory [11], whose
formulation is restricted to the cases where the distance
between bodies is larger than their characteristic dimensions, the optical coupling theory has the advantage of
providing enough accuracy even at small distances, since
its fundamentals consider the multiple interactions
between all the eigenmodes.
By using the direct implementation of the optical
coupling theory to the analysis of coupling between
graphene nanostructures, we develop a complete and
robust methodology to analyze the interactions between
graphene nanostructures and an external field, which is
simple and accurate. Some important results can be easily
extracted, like interaction between eigenmodes and
between nanostructures, as well as scattered or absorbed
power. This methodology can also be extended to other

graphene nanostructures like semi-infinite sheets and
nanorings, whose analytical solutions for a quasi-static
field have been derived previously [9,12].
Though the fundamentals of this method rely on the
electrostatic approximation, we confirm through comparison with numerical simulations based on the Boundary
Element Method (BEM) that our results remain fairly
accurate for a broad spectrum.
2. General formulation
2.1. Surface plasmon modes for one disk
Analysis of surface plasmons in confined geometries
whose dimensions are smaller than the wavelength of the
external field can be simplified by the electrostatic approximation [15]. Under this approach, the incident field is
assumed to be quasi-static, and the general problem
involving a solution of the Maxwell equations is reduced
to solving a single Poisson equation. In the particular case
of graphene nanoparticles, it is reasonable to approximate
the electric charge density as a surface charge distribution
ρ2D . This representation is valid when the thickness of
graphene is negligible compared with the overall dimensions considered in the analysis. Thus, surface plasmon
modes in graphene nanoparticles are found by solving the
following equation:

ε0 εh ∇2 Φsur ¼ ρ2D ðr Þδðz0 zÞ;

ð1Þ

where Φsur and εh are the electrostatic potential and the
dielectric permittivity at the surroundings, respectively. In
this expression, we consider that the surface charge
distribution is located at z0 on a plane perpendicular to z.
In the case of disk shape, the solution of Eq. (1) is
[13,16]
Z 1
R
Φsur ¼
∑ eilϕ
K l ðr; r 0 ; zÞρ2D ðr 0 Þr 0 dr 0 ;
ð2Þ

ε0 εh

K l ðr; r 0 ; zÞ ¼

0

l

1
2

Z

1
0

J l ðpr Þe 

j

p z  z0
R

j

J l ðpr 0 Þdp;

ð3Þ

where J l ðpr Þ is the Bessel Function of the first kind.
The second equation for ρ2D is given by the charge
conservation law, which in the case of a uniform surface
charge distribution is expressed by [9,13]


∂
σ J ∇2J þ δðr  RÞ Φind ¼ iωρ2D ;
ð4Þ
∂r
where ∇2J is the 2D Laplace operator, σ J is a 2D conductivity, R represents the radius of the disk, and Φind is
the induced electrostatic potential.
In the process to derive Eq. (4), we considered the
following relation between the induced conductivity and
the electrostatic potential:
-

J ind ¼  σ J ðωÞ∇Φind

The solution of Eq. (2) (4) is given by [13]
Z 1
iωR2
∑ eilϕ
Φind ¼
Gl ðr; r 0 Þρ2D ðr 0 Þr 0 dr 0 ;
σ ðωÞ l
0

ð5Þ

ð6Þ
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Using this expansion we can obtain simplified expressions for Φind and Φsur :

where


0 l


l
rr
r o =r 4
þ
:
Gðr; r 0 Þ ¼
2l
2l

0

where


K ðr; r 0 Þ ¼ K ðr; r 0 ; z0 Þ;

 E
N



jl
1  r2 rl ;
ρjl ¼ ∑ β k UP l;0
k

ði ¼ 1; 2; …Þ;

ð8Þ

are the Jacobi polynomials, and βk are
where P l;0
k
constants. The eigenfunctions ρjl form a set of biorthogornal eigenfunctions obeying the relation:
jl

ð9Þ
〈ρjl jΦjl 〉 ¼ δij ;
 
where Φjl are a second set of eigenfunctions defined by
  1Z 1
Φjl ¼
K ðr; r 0 Þρjl ðr 0 Þr 0 dr 0 :
ð10Þ
2 0
Each eigenmode represents a resonant mode as a result
of the confinement of surface plasmons. We will refer to
these modes as base or uncoupled modes.
2.2. Coupling of surface plasmon with an external field
To study the interaction between surface plasmon
modes and an external source, the electric potential of
the external source (Φext ) must be included into the
boundary condition:

Φind jz ¼ z0 ¼ Φsur jz ¼ z0 þ Φext jz ¼ z0

ð11Þ

In order to solve this equation we first need to expand
the electric potential
  of the external source in a set of
eigenfunctions Φjl :


1



1



Φext r; ϕ ¼ ∑ ∑ bjl Φjl eilϕ ;
l¼0j¼1



ð12Þ



where bkl ¼ ρkl jΦext , represent the intensity of the coupling between an external source and each base mode.
The final solution is obtained by expressing the surface
charge as a linear combination of its basemodes:

ρ2D ðrÞ ¼

ε0 εh
R

 E
1 1

∑ ∑ ajl ρjl eilϕ :

l¼0j¼1

1

1



Φsur ¼ ∑ ∑ ajl eilϕ Φjl



l¼0j¼1

ð14Þ

ð15Þ

where in order to derive (14) we consider the eigenvalue
equation (7), and

λðωÞ ¼

σ ð ωÞ
:
iε0 εh ωR

kl

Eq. (7) represents an eigenvalue equation, where λjl is a
non-dimensional eigenvalue containing the resonance
frequency ωlj .
This equation can be solved numerically by expanding
each eigenmode ρjl into a set of orthogonal polynomials:



1

We finally plug the expressions (14), (15) and (12) into
Eq.
and
the bi-orthogonality of the eigenfunctions
 (11),
 use


Φkl and ρ , to obtain a final expression for the expan-



σ ωjl
:
λjl ¼
iε0 εh ωjl R

k¼0

 
λjl
ajl eilϕ Φjl ;
λ
ð
ω
Þ
l¼0j¼1
1

Φind ¼ ∑ ∑

Here, r o and r 4 are the smaller and larger of r and r 0 ,
respectively.
Applying boundary conditions at the surface of the disk
(z ¼ z0 ), we obtain the following self-consistent integral
equation for the electron density distribution [13]:
Z 1
Z 1
 0
 0
Gl r; r ρjl ðr 0 Þr 0 dr 0 ¼ λlj
K l r; r ρjl ðr 0 Þr 0 dr 0 ;
ð7Þ
0
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ð13Þ

sion coefficients ajl :

ajl ¼ f jl ðωÞ〈ρjl Φext 〉;

ð16Þ

where f jl ðωÞ is the resonance factor given by
f jl ðωÞ ¼

1
:
λjl =λðωÞ  1

ð17Þ

In this work we are interested in the interaction
between graphene surface plasmons and plane waves,
whose
electrostatic
potential
is
given
by
Φext ¼ reikz Z0 cosϕ. According to Eq. (16), it is evident that
plane waves only interact with dipole modes (l ¼ 1).
Therefore in the following sections, the “l” index will be
removed and the analysis will be restricted only to
dipole modes.
2.3. Multiple disk interactions
As explained in the former section, the magnitude of
expansion coefficients dictates the specific response of the
particle under the influence of an external field. In the case
of multiple particle interactions, the external field is given
by the contributions from the incident field and the rest of
the particles. Thus, according to Eq. (16), the explicit form
of the expansion coefficients of a particle n can be
represented by
anj ðωÞ ¼ ξj ðωÞ þ ξj ðωÞ;
ð18Þ
D
E
nν
n
nν
n
ν
where ξj ðωÞ ¼ f j ðωÞ ρnj jΦ ðr n Þ , and ξj ¼ ∑ν ξj . Here we
use Φν ðr n Þ to represent the electrostatic potential from
n0
particle ν over the particle n. Particularly, ξi represents
the contribution of the incident field over the particle n.
Using this notation and Eq. (15), we can represent the
interaction between the particle n and the jth mode of
another particle m as
n

n0

n
mn n0
ξmn
¼ ∑ C mn
i
ij ξj þ∑ C ij ξj ;
j

ð19Þ

j

where C nm
ij is the coupling coefficient. This term represents
the strength of coupling between the ith mode of particle
n and the jth mode of particle m. The expresion for a stack
of graphene disks is
Z 1
Z 1
m
n 0
C mn
r dr
r 0 dr 0 U ρm
ð20Þ
ij ¼ f i ðωÞ
i ðr ÞK mn ρj ðr Þ;
0

0
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magnitude is given by the induced current. Based on this
approximation, the scattered field at the origin takes the
following form [16,19]:

where
0

K mn ¼ K ðr; r ; zm zn Þ:
In terms of Eq. (19), we derive the fundamental
equation regarding the interactions between all the particles in the system and the external field [14]
∑ ∑ δij δ

mn

n

 C mn
ξj ¼ ∑ ∑ C mn
ij
ij ξj :
n

n0

n

j

ð21Þ

j

The solution of Eq. (21) together with Eq. (18) gives the
effective response of surface plasmons due to hybridizan0
tion. Without incident field (ξj ¼ 0Þ, Eq. (21) leads to an
eigenvalue equation involving the hybrid modes:
D
E
m
nm
n
λm
þ ρm
ξnj :
ð22Þ
i ξi ¼ λγ ∑ ∑ δij δ
i jK mn jρj
n

j

where λ is the ith uncoupled eigenvalue of the particle m,
and λγ is the eigenvalue as a result of hybridization which
contains the information of the eigenfrequencies of the
hybrid modes ωγ .
Eqs. (7) and (22) have the property that all their
eigenvalues are real, which is a general property of integral
equations for the study of electrostatic surface plasmons
[17]. This means that the mode lifetime is not directly
affected by plasmon hybridization. However, mode lifetime can be affected by indirect mechanisms like the
radiation damping produced by the interaction of particles
with their own scattered field [14]. Since our study
considers dipolar plasmons in 2D nanoparticles, the
3
strength of the scattered field is proportional to ðkRÞ
(see Section 2.4), which is very small regarding the
conditions of quasi-static field (kR{1). Thus, the effects
of radiation damping in this case can be neglected.
The nondimensional character of Eq. (22) allows a
general description of the hybridization process, which is
not restricted to a specific value of the level of doping Ef ,
the permittivity of the substrate εh , the disk radius R, the
distance between disks d, or the number of disks stacked
N. With regard to dimensional analysis, the parameter λg
represents a nondimensional resonance frequency of the


hybrid surface plasmons (hsp), i.e., λhsp ¼ f R=d; N , whose
dimensional form is ωhsp ¼ f ðσ ; εh ; R; d; NÞ. This holds true
even for dispersive materials, as long as thepcondition
for
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the electrostatic approximation (kh R  R=λ εh ðωÞ{1) is
satisfied.
m
i

-

3

lim E scat ðr Þ ¼

r-r0

kh R2 J ðr 0 Þind ;
6πε0 εh ω ind

ð24Þ

where kh is the wavevector in the host medium.
In the derivation of Eq. (24), we replace the dipolar
!
momentum p by the associated surface current using
!
2!
p ðr 0 Þ ¼ R J ind ðr 0 Þ=iω.
By plugging Eqs. (5) and (24) into Eq. (23), and after
integration by parts, we derive the following expression
for the scattered power:
Z
3
k ω
ρn2D λΦind dS :
ð25Þ
P scat ¼ h R3 Re
12π
Finally, by combining Eqs. (14) and (13) into Eq. (25)
and considering the bi-orthogonality of the eigenfunctions, the following expression for the scattered power is
obtained:
P scat ¼

3

2
kh ωε0 εh 1
∑ λ R4 ak ðωÞ :
12π k ¼ 1 k

ð26Þ

It is known that in the dipole limit, the phase-lag
between the induced dipole oscillation and the driving
electric field causes that the extinction power and the
absorbed power take the same form [19–21]. Thus, the
absorbed power has to be obtained from the expression for
the extinction power, which is given by the energy
dissipation at the surface of the particle under the inci!
dence of the incident field E ext [18]:
Z
-n
1
J ind U E ext dS :
ð27Þ
P abs ¼  Re
2
By expressing the incident field using their electrostatic
potential, and after integration by parts, the absorbed
power can be expressed as
Z
ω
P abs ¼ Im
ρn2D Φext dS :
ð28Þ
2
By considering the expansions in Eqs. (12) and (13), and
the bi-orthogonality of the eigenfunctions, the following
expression is obtained:
1

2
1
λk
1 :
P abs ¼ ε0 εh ω ∑ Rak ðωÞ Im
2
λðωÞ
k¼1

ð29Þ

2.4. Scattering and absorption
The scattered power from a single particle can be
obtained from the energy dissipation at the surface of
the particle due to the scattered field [18]:
Z
-n
1
J ind U E scat dS ;
P scat ¼  Re
ð23Þ
2
where J nind and Escat are the induced current and the
scattered electric field at the surface, respectively.
The scattered electric field cannot be expressed directly
from Eq. (2), since this solution is obtained from an
electrostatic approach, therefore the radiative properties
in this case are ignored. However, we can consider every
point at the surface as a small electric dipole, whose

2.5. Graphene optical properties
The 2D conductivity of doped graphene is expressed
according to the random phase approximation (RPA),
which takes the following form in the local limit
(ksp =kF {1) and at low temperatures [22,23]:



e2 E
i
e2
i ℏω 2EF 
σ ðωÞ ¼ 2F
þ
θ
ð
ℏ
ω

2E
Þ
þ
ln
;
F
π ℏω þ2EF 
π ℏ ω þ iτ  1 4ℏ
ð30Þ
where Ef is the Fermi level, and τ is the relaxation time
defined by ¼ μEf =ev2f . Here, vf ¼ 300=c0 is the Fermi

F. Ramirez et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 158 (2015) 27–35

velocity, c0 is the speed of light and m ¼ 10; 000 cm2 =Vs is
a typical DC mobility of doped graphene [24].
The first term at the right-hand side of this equation
represents intra-band transitions; and the second, the
inter-band transitions.
3. Results and discussion
In our study we consider a stack of graphene disks with
a radius R, separated by a distance d (Fig. 1). The disks are
labeled from top to bottom starting from 1 to N, where N is
the number of disks stacked. In order to include the effects
of the substrate, we assume that the stacked structure is
totally embedded in the host material εh . For the results of
scattered and absorbed power, we consider an incident
plane wave whose direction is defined by the zenith θ and
azimuth ϕ angles according to Fig. 1.
3.1. Hybrid plasmon modes in graphene disk stacks
From hybridization theory [25,26], it is known that
when two or more graphene disks are stacked together,
each uncoupled mode splits into N hybrid modes. This is a
result of the mutual interaction between the evanescent
fields from each disk [27], where N is the number of disks
stacked. For example, hybridization in a 2-disk stack
causes each base mode to split into a higher frequency
mode or bright mode, and a lower frequency mode or dark
mode [10].
In general, the number of hybrid modes is very large
and it is very difficult to distinguish their associated
uncoupled modes. However at large distances, the coupling between disks is very weak, so the magnitude of the
hybrid eigenvalues λγ remains very close to their original
ith uncoupled mode λi . Thus we can track the evolution of
the hybrid modes as a function of R=d, beginning with a
small value of R=d, which allows us to link each hybrid
mode with its original uncoupled mode. We represent this

Fig. 1. Schematic of the graphene disk stack structure considered for the
analysis.
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process with the parameter λi =λγ ;i , where λγ ;i is the
eigenvalue of the γ hybrid mode derived from the ith
uncoupled mode. In the case of non-dispersive materials,
this relation can be approximated as a relation of their
respective eigenfrequencies as follows:

ωγ ;i
λi ωγ ;i σ ðωi Þ


¼
ωi
λγ ;i ωi σ ωγ ;i

2

:

ð31Þ

where in order to derive this equation we ignore the effect
of the relaxation time τ, and inter-band transitions from
the conductivity of graphene (Eq. (30)). However, we
observe that this approximation does not significantly
alter the results, in comparison with those using the whole
expression of the optical conductivity.
We study the evolution of ωγ ;i =ωi as a function of R=d in
disk stacks with different numbers of disks. Here, only the
results for a stack of 5 graphene disk are shown (Fig. 2).
However, similar conclusions can be drawn for stacks with
different numbers of disks. As the relative distance R=d is
increased, we observe that the lowest uncoupled mode
(i ¼ 1) splits into 5 branches. At relatively large separation
between disks (R=d  1), we observe the hybrid modes are
separated evenly. However at R=d 4 100 we observe that
only one mode goes to higher frequency.
In order to analyze the effective response of this
structure, we calculate the absorption efficiency
(Absorption cross section=disk area) for 5 graphene
ðEf ¼ 0:6 eVÞ disks stacked, with 100 nm diameter, and
30 nm gap between disks (Fig. 3). In nondimensional units,
this corresponds to R=d  1:67 (dashed line in Fig. 2).
Analysis of the effective response reveals that at the
highest frequency mode, all the disks reach a resonant
condition. This is represented by the simultaneous peaks
in the absorption efficiency of each disk, indicating that
this mode has also the largest intensity. For the rest hybrid
modes, we can find that only a few disks resonate together.
Our results show good agreement with numerical simulations using BEM [28].
As explained in the former section, plasmon hybridization is the consequence of mutual interaction between the
different eigenmodes from each particle. However, by
analyzing the expansion coefficients in 2-disk stack

Fig. 2. Splitting of the normalized resonance frequency of 1st base mode
into hybrid modes in a 5-disk stack configuration.
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(Fig. 4a), we find that the hybridization of the 1st base
mode is mainly driven by mutual interactions between the
uncoupled modes of the same 1st level. This is due to the
resonance factor in the expression of the expansion
coefficients in Eq. (21). In the case of hybridization of the
1st base mode in a 2-disk stack, the resonance frequency
of the hybrid mode is always closer to the resonance of the
1st base eigenmode than the resonance frequency of
higher order base modes, which means that the resonance
factor of the 1st mode in Eq. (21) is dominant [14].
Based on this finding, we derive an analytical expression to predict the resonance frequency of the bright
(ωi; þ ) and dark (ωi;  ) hybrid modes of the ith uncoupled

Fig. 3. Absorption efficiency for 5 graphene disks stacked (D ¼ 100 nm;
Ef ¼ 0:6 eV, d ¼ 30 nm, εh ¼ 1). Light incident normal to the disk array
(θ ¼ 0; ϕ ¼ 0). The black dashed line represents the absorption efficiency
of one graphene disk with similar features. The small crosses correspond
to the results from numerical simulation by the BEM [28].

mode in a 2-disk stack:

ωi; 7
ωi

2

1 ¼ 7 π 2i þ

3
2

2i þ

5
2

Z

1
0

J 2i þ 2 ðpÞ
p

2

e  R U p dp:
d

ð32Þ
This expression can be derived from the eigenvalue
equation (22), considering
only the interaction between
 
the ith eigenmode ρ and the first term of the polynomial
i

expansion from Eq. (8), together with the properties of the
Bessel functions [13]. Although the results are not shown
here, we find that considering only the first polynomial
term in the expansion of Eq. (8) does not add a significant
loss of accuracy compared with the results for an expansion with larger number of polynomials.
For disk stacks having a larger number of disks, we
observe that hybridization of the ith base mode is mainly
driven by the coupling of base modes of the same order, with
exceptions when the resonance of the high frequency hybrid
mode meets the resonance of a higher order base mode
(Fig. 4b). When this occurs, there is a significant contribution
from the higher order base modes due to the coupling
between them. At R=d  10, the contribution of the 2nd
base-mode is on the same order of magnitude with the 1st
mode. However, we find that the whole distribution can be
accurately described by considering only the dominant base
mode, so this small perturbation can be ignored.
3.2. Blueshift of surface plasmon resonance frequency in
graphene disk stacks
In this section we study blueshift of the resonance
frequency in graphene disk stack. We restrict our analysis
to the high frequency branch derived from the lowest

Fig. 4. Expansion coefficients for graphene disk stacks at ω1;1 for (a) two disks and (b) three disks.
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Fig. 5. Normalized resonance frequency of the high frequency hybrid
mode from the lowest uncoupled mode (k ¼ 0), for stacks with different
numbers of disks.

uncoupled mode (ω1;1 ), since the this mode has the largest
intensity.
In Fig. 5, we plot the dispersion of the high frequency
branch (ω1;1 ) according to disk separation for different
numbers of disk stacks. The black dots represent results
obtained through numerical simulations from using BEM
[18,28], for 2-disks stack. From this plot we can distinguish
a weak coupling region, a strong coupling region, and a
transition region in between. The weak coupling region is
characterized by a small blueshift of the resonance frequency. It can also be observed that regardless of the
number of disks in the stack, the response is similar,
indicating that each disk interacts mainly with its nearest
neighbors. Due to the large disk separation, surface plasmon hybridization in this regime can be easily described
by using a simple dipole model [27]. In the strong coupling
region, the resonance frequency
reaches a limit dictated by
pﬃﬃﬃﬃ
the relation: ωN =ω1 ¼ N; where ωN and ω1 are the
resonance frequencies for the high frequency branch and
the uncoupled mode, respectively, and N is the number of
disks stacked. A similar relation was found in a study of
surface plasmon hybridization from the coupling between
two graphene sheets at long wavelengths (k=kF {1) [8].
From this relation, it can be inferred that in the strong
coupling regime, geometric effects are negligible, and the
response is mainly driven by interaction between the
entire surfaces. Finally, it is also observed that disk stacks
with a larger number of disks require shorter distances, in
order to reach the strong coupling limit.
In order to understand the underlying physics in the
transition region, we plot the electric field distribution at
the bright mode resonance frequency for a 2-disk stack
(Fig. 6), by means of numerical simulations using BEM. We
observe that surface charge is mostly distributed at the
edge of the disk, meaning that the coupling between disks
in this regime is mainly driven by edge plasmon modes.
This implies that the geometry of the nanostructure plays
a main role in the hybridization process at this regime.
We analyze the strength of the interactions between
disks in the case of 5-disk stack (Fig. 7) by using the
coupling coefficients from Eq. (20). As mentioned in
previous sections, most of the energy interaction between
disks results from coupling between modes of the same

Fig. 6. E-field distribution for 2 graphene disk (D ¼100 nm, Ef ¼ 0.6 eV)
separated by 5 nm (R/d ¼ 10), at the bright mode resonance frequency. (a)
Cross plane perpendicular to the disk and (b) cross plane parallel to the
disk, located between both disks.

Fig. 7. First mode coupling coefficients of disk-1 (see Fig. 1) and its
neighbors in a 5-disk stack.

order, so we consider only the first mode of the expansion
in Eq. (8), which provides a clear picture regarding the
interaction between disks. Only the coupling coefficients
for disk 1 are shown here (see Fig. 1). However, due to the
symmetry of the structure, these results can also be used
to represent the coupling of intermediate disks with their
neighbors. We can see from Fig. 7 that the weak coupling
regime is dominated by the interaction of disks with their
nearest neighbors. When the distance between disks falls
in the transition region, the interaction with other disks
rapidly increases, and the interaction with its nearest
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Fig. 8. Normalized disk separation required to reach 99% of the strong
coupling limit according to the number of disks stacked.

Fig. 9. Blueshift of the eigenfrequency in graphene disk stacks
(D ¼ 50 nm, Ef ¼ 1:0 eV, d ¼ 5 nm) with different numbers of disks.

neighbor decreases. Finally, in the strong coupling regime,
the interaction energy between disks is evenly distributed.
As mentioned before, disk stacks with a larger number
of disks require shorter distances in order to reach the
strong coupling limit. We estimated the maximum normalized distance d=R required to reach 99% of the strong
coupling limit Fig. 8. From this figure, we can observe that
the normalized distance decreases asymptotically as the
number of disks increases.
Although there is no upper limit for the blueshift of the
plasmons resonance frequency through stacked graphene
nanostructures, we canpﬃﬃﬃﬃ
infer from the relation for the
strong coupling limit ( N), that the frequency
pﬃﬃﬃﬃ blueshift
per additional layer decreases at a rate of 1=2 N. For disk
stacks with more than 25 layers, this means a blueshifting
rate of less than 10%, which can be used as an approximation for the upper limit of the blueshift resonance frequency. As an extreme case, we consider a stack of
graphene disks of 50 nm in diameter and a doping level
of Ef ¼ 1:0 eV embedded in a low refractive index material
(n  1). This limit corresponds to a blueshift of the resonance frequency up to 3.98 eV (or 312 nm in wavelength).
However, according to Fig. 8, the strong coupling limit for a
25-disk stack is reached at d=R  10  6 , which is an

Fig. 10. Scattering and absorption efficiencies for one graphene disk
(D ¼50 nm, Ef ¼1.0 eV), and for a 25-disk stack in which graphene disks
have similar features.

unrealistic result in the context of the physics of the
problem.
Considering a more realistic scenario, we assume minimum separation of 5 nm regarding the same characteristic
for the graphene disks (D ¼ 50 nm, Ef ¼ 1:0 eV) and analyze the blueshift of resonance frequency as the number of
disks stacked is increased (Fig. 9). The results are obtained
by ignoring the effect of the relaxation time τ, and interband transitions from the expression of the electrical
conductivity of graphene (Eq. (30)). From this figure, we
observe that the resonance frequency becomes saturated
at a maximum around 0:76 eV (1:63 μm).
In order to understand how plasmon hybridization
impacts the effective response of the structure considered
before, we analyze the absorption and scattered efficiencies for a stack of 25 disks (Fig. 10), which consider a
summation of the scattered and absorbed power from
each disk in the stack. Our results show a blueshift of the
resonance frequency up to 0:69 eV (1:8 μm), represented
by the highest peak in the absorption curve. In the results
from Fig. 10, we considered all the terms from Eq. (30).
This explains the difference with resonance frequency of
0:74 eV for 25-disk stack, predicted in the results from
Fig. 9. Since in this scenario the relative distance (R=d ¼ 5)
is far from the strong coupling regime (R=d  106 ), we also
expect to see more than one high frequency mode.
Additionally, it can be observed from Fig. 10 that the
maximum absorption and scattering efficiencies are
respectively around 12 and 39 times larger than those of
a single disk.
4. Conclusions
We have systematically studied the blueshift of the
resonance frequency of graphene surface plasmons due to
plasmon hybridization using disk stacks. Results revealed
that the distance between disks in an N disk stack is
reduced, the original base modes split into N hybrid
modes, as a result of surface plasmon hybridization, from
which at large values of R=d only one mode goes to higher
frequency. We observe that the hybridization of each
uncoupled mode mainly relies on the coupling of modes
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of the same order. Hybrid mode distribution according to
disk separation shows that there is a transition regime
between the weak and strong coupling regimes produced
by the coupling of edge plasmon modes, where geometry
factors are dominant.
Hybridization of surface plasmon modes in graphene
disk stacks demonstrates a promising way to effectively
increase the resonance frequency up to the near-IR spectrum, opening a wide range of applications for graphene
plamonics.
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