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Abstract: Near-field radiation can exceed the blackbody radiation limit due to the contributions
from evanescent waves. One promising approach to further enhance near-field radiation beyond
existing bulk materials is to utilize metamaterials or metasurfaces made from subwavelength
plasmonic structures. In this work, we investigate the near-field thermal radiation between
complex plasmonic structures with higher-order symmetry and degeneracy, which is crucial for
understanding the radiative heat exchange between metamaterials or metasurfaces at extremely
small gaps. We demonstrate that the introduction of degeneracy can drastically boost near-field
thermal radiation between plasmonic structures. The enhancement of near-field thermal radiation
originates from the emergence of degenerate resonance modes and the secondary emission
of thermal photons due to the nonzero coupling between the degenerate modes. Our study
provides new pathways for designing high-intensity near-field thermal emitters and absorbers for
thermophotovoltaics, thermal management, and infrared spectroscopy.
© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1.

Introduction

Thermal radiation in the near field can break the blackbody radiation limit [1,2] via evanescent
photon tunneling when the gap distance between objects is smaller than the characteristic thermal
wavelength predicted by Wien’s displacement law [3–7]. With the enormous enhancement of
energy intensity, near-field radiation has important implications for thermophotovoltaics [8–11],
thermal management [12–16], and infrared spectroscopy [17–20]. In recent years, metamaterials
or metasurfaces composed of subwavelength plasmonic resonators (i.e., “meta-atoms”) have been
employed as a promising platform for manipulating near-field radiation beyond the limitation
of existing bulk materials [21–29]. For a gap distance much larger than the feature size of
metamaterials or metasurfaces (e.g., dimension or period of “meta-atoms”), the near-field
radiation between the metamaterial emitter and absorber can be well described by their overall
properties derived from effective medium theory [30–32]. Yet, when the gap distance is smaller
than the feature size of metamaterials or metasurfaces, due to the evanescent nature, the radiative
heat exchange between metamaterials or metasurfaces is dominated by the near-field interactions
between each pair of individual subwavelength emitters or “meta-atoms”, as shown in Fig. 1.
Hence, in such a regime, it is crucial to understand the underlying physics of near-field radiation
between individual plasmonic emitters. However, there exists no general theory elucidating
the near-field radiation between arbitrary nanoscale plasmonic emitters, especially for complex
plasmonic structures with high-order symmetry and degeneracy.
In this work, we apply fluctuational electrodynamics and Quasi-Normal Mode (QNM) theory
[33,34] to quantitively describe the near-field thermal radiation between plasmonic structures
with higher order symmetric geometries. By applying group theory, we identify the upper limit to
the degeneracy given the geometry of an arbitrary emitter. The near-field thermal radiation from
a set of degenerate QNMs are explicitly formulated under the expansion of the dyadic Green’s
function [35]. The existence of the degeneracy proves to be beneficial for enhancing near-field
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Fig. 1. (a) Schematic of two degenerate plasmonic emitters, when the gap distance G is
smaller than the feature size of the plasmonic emitters, the near-field thermal emission
between the metasurfaces is dominated by each pair of degenerate emitters.

thermal radiation. When degenerate QNMs are not orthogonal, the overlapping between two
QNMs leads to an extra energy dissipation channel for enhancing near-field thermal radiation.
It should be noted here that we only consider the near-field radiative heat transfer between two
separate and isolated meta-atoms, i.e., with no Bloch-wave constraints on the QNMs. Near-field
radiative heat transfer between metasurfaces with periodic lattices was investigated via full-wave
simulation for the first Brillion zone [36]. Our present work cannot be directly applied to the
metasurface system unless certain modifications have been made, such as the introduction of
Bloch-theorem or tight-binding approximation to the QNMs [37].
2.

Theory of near-field thermal radiation from degenerate modes

Given the geometry and optical properties of a structure, the Maxwell operator is defined as



0
iε −1 (r, ω)∇× 

 . The resonant modes of the given structure can be obtained
M̂ = 

 −iµ−1 (r)∇×

0


by solving the eigen-value problem M̂φn (r) = ωn φn (r), where φn is the nth eigen-mode with the
resonant frequency ωn . In most cases, such eigen-modes are presumed to be non-degenerate,
that is, one resonant frequency ωn only corresponds to one mode configuration φn .
The introduction of the symmetry group to the Maxwell operator can result in degeneracy in
resonance modes. Assume that the symmetry group of a resonator structure’s Maxwell operator
is ĝ with the order of n, and the Maxwell operator commutes with the symmetry operator [38]
ĝ, i.e., [M̂, ĝ] = M̂ ĝ − ĝM̂ = 0. For a certain eigen-mode of the Maxwell operator φ with the
corresponding eigenvalue ω, the new mode φg = ĝφ produced by the symmetry group operator ĝ
is also the solution to the eigenvalue problem, M̂ ĝφ = ĝM̂φ = ĝωφ = ω(ĝφ) = ωφg . As proven
by group theory, the upper limit of the degeneracy for a certain eigen-value is given by the
dimension of the largest irreducible representation of the symmetry group [39,40]. Here, the
upper limit of degeneracy predicted by group theory explicitly excludes the accidental degeneracy.
Although the largest number of the degenerate modes is dictated by the symmetry group that
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the Maxwell operator has, it is not guaranteed that all the degenerate modes can be found at
a certain resonant frequency. For example, if one eigen-mode field profile φn shares the same
symmetry group with the Maxwell operator, then performing any symmetry operation from
that symmetry group on this eigen-mode φn would only recover the same eigen-mode without
generating degeneracy. The exact degeneracy for an eigen-value still relies on the details of the
physical system. Furthermore, the degenerate modes resulting from the symmetry operation are
not always orthonormal to each other. We will show in our new theoretical framework that it
is the non-orthonormality between degenerate modes that leads to enhanced near-field thermal
radiation.
For lossy and dispersive thermal emitters, the resonant modes of a plasmonic structure
usually have a high loss and thus a low quality factor. Besides this, the energy of those
resonant modes could also decay into the far-field via radiation. Therefore, such a system is
non-Hermitian. In this case, the corresponding eigen-frequency of the lossy resonant mode
becomes a complex number when solving the eigenvalue problem, where the real part indicates
the position of the resonant frequency while the imaginary part represents the loss of the mode.
Such a set of modes are called QNMs for a lossy resonator. The Green’s function of the lossy
Í E (r)·En† (r0 )
resonator can be approximated by the QNM expansion as Ḡω,r,r0 = ωµ0n(ωn −ω)N
. Here En
nn
n

is the nth QNM electric field expressed as 3-by-1 column vector, † denotes the conjugate0
transpose, r and
h r are the spatial positions of ithe observation and source points, respectively,
(r,ω) T
T
Nnn = ∫V∞ dr3 ∂ω∂ω
En · En − ∂ωµ
is the normalization factor corresponding
∂ω Hn · Hn
ω=ωn

to the QNM with a resonant frequency ωn . By choosing this form of normalization, the QNM
mode volume and corresponding fractional mode losses can be easily calculated using perfect
matching layer (PML) [33]. Taking the degeneracy into consideration, the QNM expansion of
the Green’s function can be revised as
Ḡω,r,r0 =

Õ Õ
n

g

g

g†

En (r) · En (r 0)
g .
ωµ0 (ωn − ω)Nnn

(1)

Here g denotes the degenerate mode index and the expansion of Ḡω,r,r0 needs to count all
g
possible degenerate modes. It can be proved that the normalization factor Nnn is the same for all
degenerate modes if the symmetry operator is unitary.
Consider a thermal emitter VE at the temperature of TE and in proximity with object VA in
which both of them are placed in vacuum. Here we assume that the materials are nonmagnetic
and have an isotropic electrical response. Since the thermal radiation from VE is physically the
collective emission of electromagnetic waves [E(r, ω), H(r, ω)] generated by thermally induced
random currents j(r, ω, TE ) inside VE , the near-field thermal radiation from the emitter to the
absorber, φA , is given as [41]
h
i
0
Θ
φA =
4ω2 µ20 Tr ∫VA dr3 ∫VE dr 3 σA σE Ḡ†ω,r,r0 · Ḡω,r,r0 ,
(2)
2π
where Θ(ω, T) = ~ω/[exp(~ω/kB T) − 1] is the Planck term, σA and σE are the electrical
conductivity in the emitter and the absorber, respectively. The reduced near-field thermal
radiation ψA (ω) = φΘA around the nth mode frequency ωn can be further simplified as follows:
( 2π )
ψA (ω) = L(ω)4

Õ


g

where L(ω) =

Im2 (ωn )
[Im2 (ωn )+(Re(ωn )−ω)2 ]




ηE ηA +

Õ

gk kg

γA γE

k,g





.

(3)




is the Lorentz shape factor. ηE and ηA are the fractional mode

loss terms in the emitter and the absorber defined as ηE =

FDE
(DE +DA +D∞ )

and ηA =

FDA
(DE +DA +D∞ ) ,
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gk

kg

respectively. γA and γE are the fractional mode coupling terms in the absorber and the
gk

C

gk

kg

C

kg

emitter defined as γA = F (DE +DAA +D∞ ) , and γE = F (DE +DEA +D∞ ) , respectively. The coupling
strength between kth and gth degenerate modes at the resonant frequency ωn is given as
0
gk
CE,A = ∫VE,A dr 3 σE,A [Ek† (r 0) · Eg (r 0)]. The mode losses in the emitter, the absorber and to the
far field are given by: DE = ∫VE dr 03 12 σE Re(ωn )|En (r 0)| 2 , DA = ∫VA dr3 12 σA Re(ωn )|En (r)| 2 , and
D∞ = ∫∂V dr2 12 Re(En (r) × Hn† (r)). F is an imperfection factor with a positive value between 0
and 1 due to the non-Hermitian properties of the lossy system. For a certain resonant frequency,
the mode losses are the same for all degenerate modes when the symmetry operator is unitary.
Detailed derivation of Eq. (3) and expansion of the Green’s funion with degenerate modes can be
found in Appendices A and B. As long as the emitter and the absorber share the same geometry,
Í gk kg
γA γE is always larger than zero, representing an enhancement of near-field thermal
the term
k,g

radiation through the degenerate mode coupling. The occurrence of the degenerate mode
coupling can be considered as an extra energy exchange channel between the emitter and the
absorber. When the coupling of the degenerate modes is nonzero, the thermal photon emitted by
the emitter can simultaneously excite another thermal photon which has the same energy but
different polarization. The chance of such secondary excitation depends on the overlapping of
the degenerate mode profiles, and it eventually leads to enhanced near-field thermal radiation.
One advantage of the degenerate QNM theory over numerical methods for simulating near-field
thermal radiation between metamaterials is that the degenerate QNM theory can provide a clear
physical picture underlying the near-field radiative heat transfer. By acquiring the knowledge
of how the degeneracy impacts near-field thermal radiation, we can develop a better strategy to
design and optimize near-field thermal radiation. Moreover, the degenerate QNM theory is more
efficient in predicting a general shape of the near-field thermal radiation between metamaterials
compared to direct simulation methods. When using the degenerate QNM theory, we only need
to search for the QNMs of the structure and calculate the corresponding field profile. By solving
for the mode losses ηE , ηA and coupling strength γ, the near-field thermal radiation can be quickly
calculated. One natural challenge associated with the QNM theory is the accurate searching and
excitation of the QNMs that the structure supports. This challenge can be tackled with following
strategies. In searching for the QNMs, we can first put point monitors around the structure
to record the electric field intensity [42]. Since the QNM is the pole of the system’s Green’s
function, the electric field intensity recorded at the point monitors should diverge or have a trend
of diverging when the QNM is efficiently excited by the dipole source. Therefore, we could use
the electric field intensity as an indicator to evaluate and improve the accuracy of the QNM
excitation. Apart from putting single dipole sources, we can also place multiple dipole sources
with various polarizations especially for higher order QNMs or complicated structures. A more
rigorous way of searching for the QNMs is to apply the Wiener Chaos expansion (WCE) method
[21,22], which is an algorithm to expand the thermally induced volumetric current sources onto a
set of deterministic current modes. The implementation of the WCE in the finite different time
domain method is achieved by placing a set of ordered dipoles at various locations with various
polarizations. The completeness of such WCE current modes guarantees that all the QNMs are
excited and observed. It should be noted that there are some limitations for the degenerate QNM
theory. Specifically, the degenerate QNM theory lacks the computation accuracy compared
to direct simulation methods since it assumes the major contribution to the near-field thermal
radiation comes from the QNMs of the structure and it does not include the contribution from
background or non-resonant modes.
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Results and discussion
Enhanced near-field thermal radiation between two gold nanocross-structures

To verify this new theoretical framework, here we investigate the near-field thermal radiation
between two gold nanocross-structures with D4h symmetry group, where each nanocross consists
of two gold nanorods perpendicular to each other. The length of the single nanorod is 1.5
microns, and cross-section size is 40 nm by 40 nm. To elucidate the enhancement effect, we
directly calculate the thermal radiation between two nanocross structures and compare the
results with the case between two nanorods. The thermal radiation between the nanocross and
nanorod structures is calculated respectively using the fluctuating surface current (FSC) method
[43,44]. In Fig. 2, for the nanorod structure, there is only one non-degenerate mode around
the resonant frequency. Due to the D4h symmetry of the nanocross structure, there are two
degenerate QNMs at the same angular frequency 3.5×1014 rad/s which corresponds to the first
resonance. Their normalized electric field intensity profiles are plotted in Figs. 2(b) and (c).
In the case of the nanocross-structure, one degenerate QNM can be obtained by rotating the
vectorial electromagnetic field of the other degenerate QNM by 90 degrees and performing the
inverse operation about the symmetry center point of the nanocross structures. As predicted by
the degenerate QNM theory in Eq. (3), we observe a significant increase in the near-field thermal
radiation between two nanocross structures as compared to the case between two nanorods, as
shown in Fig. 2(a). Although the nanocross-structure has a surface area about two times larger
than the corresponding nanorod, the near-field thermal radiation between two nanocross structures
is much larger than the twice of that between two nanorods due to the coupling of degenerate
modes in the nanocross-structure. While the two-fold increase originates from contribution of
each degenerate mode independently, the extra enhancement beyond the two-fold is attributed to
the degenerate mode coupling as a new energy exchange channel between the emitter and the
absorber. When the overlapping of the degenerate modes is nonzero (Fig. 2(b)), the thermal
photon emitted by the emitter can simultaneously excite the other thermal photon which has the
same energy but different polarization (Fig. 2(c)). The probability of such secondary thermal
photon excitation depends on the overlapping of the degenerate QNMs and it eventually leads to
the further enhanced thermal radiation through the near-field photon tunneling, as indicated by
Figs. 2(d) and (e).
The shape and peak value of the near-field thermal radiation between the nanocross structures
can be predicted based on the degenerate QNM theory. In this case, a dipole source is placed close
to one arm of the nanocross to excite its QNM at the resonant frequency 3.5×1014 rad/s. Different
choices of the dipole position and polarization can excite different degenerate modes, as shown
by the red arrows in the inset of Fig. 3(a). For the nanocross structures with D4h symmetry group,
there are at most two degenerate modes existing at the same resonant frequency. The x-component
electric field of the first set of degenerate modes is plotted in the inset of Fig. 3(a) as well. The
degenerate modes inherit the properties of localized surface plasmon resonance. In one arm, the
electromagnetic field takes the similar form as it is in the single nanorod structure with the charge
accumulated at the two ends. In the other arm, the electromagnetic field is dark. In simulating the
QNMs of the nanocross structure, we can directly calculate the fractional mode losses ηE , η∞ , ηA ,
gk gk
and the coupling term γA , γE . In this case, the length of the nanocross arm is 1.5 µm, the width
and thickness are both 40 nm and the gap distance is 50 nm. The corresponding fractional losses
are ηE = ηA = 0.489, η∞ ≈ 0, the coupling term is γA12 γE21 = 0.0625. The near-field thermal
radiation between the nanocross structures predicted by the degenerate QNM theory is plotted
as the blue curve in Fig. 3(a), which agrees well with the direct calculation (red dotted curve
in Fig. 3(a)) from the FSC method. The extra peak emerging around 5×1014 rad/s is attributed
to a non-degenerate QNM. Its contribution to the near-field thermal radiation can be predicted
with non-degenerate QNM theory (see Appendix C) shown by the green curve in Fig. 3(a). In
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Fig. 2. (a) Near-field thermal radiation between two nanocross structures and two nanorods.
The length, width and thickness of the nanorod is 1.5 µm, 40 nm and 40 nm, respectively.
The distance is set to be 50 nm between nanostructures. The dotted curve represents the
near-field thermal radiation between two nanorods, and the blue curve represents the doubled
value of the dotted curve for the comparison with the nanocross case. (b) Normalized electric
field intensity for one degenerate resonant mode inside the first nanocross structure, and (c)
the other degenerate mode is excited in the second nanocross structure due to the spatial
overlapping between the two degenerate modes. Near-field thermal radiation arises from the
thermal photon tunneling as shown in (d) and (e).

Fig. 3. (a) Near-field thermal radiation between nanocross structures. Red dotted line
represents the direct calculation result of near-field thermal radiation between nanocross
structures via the FSC method. Blue line represents the near-field thermal radiation predicted
by degenerate QNM theory, and the green line represents the results predicted by the
non-degenerate QNM theory. The x-component of real part electric field in two degenerate
modes at angular frequency 3.5×1014 rad/s is plotted in the inset figure. (b) Near-field
thermal radiation between nanocross structures (solid curve) and between nanorods (dotted
curve) at different gap distance G. The length of the nanorod is 1.5 µm, and the cross-section
size is 40 nm by 40 nm.
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Fig. 3(b), we calculate the near-field thermal radiation between the nanocross structures as a
function of gap distance and compare with the case between two nanorods. The cross-section
size of the emitter is 40 nm by 40 nm. The gap distance ranges from 40 nm to 200 nm. When
varying the gap distance, the near-field thermal radiation from the nanocross structures follows
the same trend as that between two nanorods, as shown in Fig. 3(b). However, as the gap distance
between the nanocross structures increases, the probabilities of photon tunneling as well as the
secondary photon excitation decrease due to the weaker mode overlapping.
3.2. Optimization of the near-field thermal radiation between two gold nanocrossstructures

Fig. 4. (a) Near-field thermal radiation between nanocross structures with different widths.
The length of each nanorod arm is 1.5 µm and the gap distance between two nanocrosses is
50 nm. (b) Fractional mode losses and degenerate mode coupling strengths corresponding to
different widths.

As demonstrated in our new theoretical framework, the overall near-field thermal radiation
can be further maximized or minimized in the presence of the degenerate QNMs. In general,
the emitter and absorber geometries not only affect the fractional mode losses but also change
the coupling strength between degenerate modes. By tuning the geometry parameters such as
thickness and width, a global maximum or minimum point for the near-field radiative heat flux
can be achieved. In the deep-subwavelength scenario, the gap distance between the emitter and
the absorber is far smaller than the wavelength and hence it reaches a strong coupling region. The
fractional mode losses are no longer sensitive to the modification of the emitter and the absorber’s
geometry in the strong coupling region. Yet the coupling strength between degenerate modes
can still be tuned by the geometrical modification. This opens a new paradigm for optimizing
the near field thermal radiation by degenerate modes. Here we give an example of the evolution
of near-field thermal radiation between nanocross structures. In Fig. 4, we fix the length and
gap distance of the cross-structure to be 1.5 µm and 50 nm, respectively, but vary its side width
from 15 nm to 60 nm. Each nanorod arm is straight and the cross-sectional shape of each arm
is square. The near-field thermal radiation reaches a maximum at W = 20 nm in Fig. 4(a) and
decreases when further reducing the width to 15 nm. The occurrence of the maximized coupling
strength originates from the highly confined electromagnetic field around the degenerate emitter.
As the width of the nanocross decreases, the real part of the effective index of the resonant mode
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increases [45]. Thus, the electromagnetic field inside the emitter volume becomes more confined,
resulting in a stronger mode coupling. However, the electromagnetic field inside the gap between
the nanocrosses becomes weaker, leading to a smaller secondary photon excitation probability.
The trade-off between these two factors gives rise to a maximized coupling strength term when
the width is 20 nm. We plot the corresponding fractional mode losses and degenerate mode
coupling strength in Fig. 4(b). While the fractional mode losses are almost constant in changing
the width of the nanocrosses, the degenerate mode coupling strength has a maximum at the width
of 20 nm.
4.

Conclusion

In summary, we develop a new theoretical framework to calculate the near-field thermal radiation
between complex plasmonic structures based on fluctuational electrodynamics and QNM theory.
When degeneracy exists in a system, the number of the degenerate modes that can be supported
is determined by the irreducible representation of the symmetry group and the physical details of
the system. The occurrence of the degenerate modes results in a significant increase in near-field
thermal radiation, which is attributed to the overlapping or non-orthonormality of the degenerate
modes. As a theoretical proof, the direct calculation results from the FSC method agree well with
the new theoretical framework, and the degeneracy-induced thermal radiation in the near-field can
be further modified by changing the geometries of the plasmonic emitter and absorber. Thus, our
theoretical framework provides a new paradigm for manipulating the near-field thermal radiation
between plasmonic structures through degeneracy.
Appendix A: Derivation of degenerate QNM theory in the near-field
Consider a thermal emitter VE at the temperature of TE and a closely separated absorber VA
that are both placed in vacuum. Here we assume that the materials are nonmagnetic and have
isotropic electrical response. Since the thermal radiation from VE is physically the emission of
electromagnetic waves [E(r, ω), H(r, ω)] generated by the thermally induced random currents
j(r, ω, TE ) inside VE , the spectral thermal energy transfer from VE to VA , φA (ω) equals the
averaged electromagnetic absorption power inside VA ,


†
3 1
φA (ω) = ∫VA dr
σA E (r, ω) · E(r, ω)
(4)
2
Recall that the electric field emitted by the random currents can be represented as E(r, ω) =
0
iωµ ∫VE dr 3 Ḡω,r,r0 · j(r 0, ω, TE ), and the autocorrelation of the random currents j(r 0, ω, TE ) is
characterized by the fluctuation-dissipation theorem as
hj(r 0, ω, TE ) · j† (r 0, ω, TE )i =

4
σE Θ(ω, TE )δ(r − r 0)Ī.
π

(5)

Θ(ω, TE ) is the Planck distribution and Ī is the 3-by-3 identity matrix. Therefore, the reduced
spectral thermal emission ψA (ω) = φΘA into the absorber VA can be further expressed as
( 2π )
φA =

i
h
0
Θ
4ω2 µ20 Tr ∫VA dr3 ∫VE dr 3 σA σE Ḡ†ω,r,r0 · Ḡω,r,r0 .
2π

(6)

To classify the effect of degeneracy on near-field thermal radiation, we consider a set of degenerate
resonant modes whose resonant frequency Re[ω] is well-separated from other modes. Now the
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Green’s function around the nth resonant frequency ωn is approximated as
Ḡω,r,r0 =

Õ Eg (r) · Eg † (r 0)
n
n
g .
ωµ
(ω
−
ω)Nnn
0
n
g

(7)

It follows then
†

Tr(Gω,r,r0 · Gω,r,r0 )


Í Em (r)·Em† (r0 )
Í En (r0 )·En† (r)
= Tr
ω ∗ µ0 (ω ∗ −ω ∗ )N0∗ ·
ω ∗ µ0 (ω0∗ −ω ∗ )N0∗ ·
m
n  0

 m

Í Í En (r0 )·En† (r)
E (r)·Em† (r0 )
= Tr
ω ∗ µ0 (ω0∗ −ω ∗ )N0∗ · ω ∗ µ0 (ω0∗ −ω ∗ )N0∗
n m


Í n 0 2 n 2 Í Í m† 0
1
n
0
n†
m
= 2 2
|E (r )| |E (r)| +
[E (r ) · E (r )][E (r) · E (r)]
2
2
2
ω µ0 [(Re(ω0 )−ω) +Im(ω0 ) ] |N0 |

n

n m,n

(8)

Plug it into Eq. (6), we can get
φA =

Θ
2π

4ω 2 µ02 Tr

h∫
VA

dr3

∫

=

Θ
4
2π [(Re(ω0 )−ω)2 +Im(ω 0 )2 ]|N0 | 2

=

Θ
2π

L(ω0 )

4
1
Im(ω 0 )2 |N0 | 2



Í∫
VA

=

L(ω0 ) 16 2 1 2
Im(ω 0 ) |N0 |

A

dr3

E

n

n m,n

dr 3 σA σE |En (r0 )| 2 |En (r)| 2 +
0

∫
VE

Í Í ∫
VA

dr3

∫
VE

dr 3 σA σE [Em† (r0 ) · En (r0 )][En† (r) · Em (r)]
0

n m,n 
∫
0
dr3 21 σA |En (r)| 2 × V dr 3 21 σE |En (r0 )| 2 +
E
n
∫
Í Í ∫
0


dr3 σA [En† (r) · Em (r)] × V dr 3 12 σE [Em† (r0 ) · En (r0 )]
 +
V
E

n m,n A
n



Θ
2π

i
†
0
dr 3 σA σE Gω,r,r0 · Gω,r,r0


∫
∫
Í n 0 2 n 2 Í Í m† 0
03
3
n (r0 )][E n† (r) · E m (r)]
dr
dr
σ
σ
|E
(r
)|
|E
(r)|
+
[E
(r
)
·
E
A
E
V
V

VE







Í∫

VA











(9)

As derived in our previous paper [41], the imaginary part of the QNM resonant frequency can
be expressed as
 


∫
2
2
∂ωε
1
3
Re ∂ω
|En | + µ0 |Hn |
2 V dr
ω0
1
≈∫
(10)
∫
−Im(ω0 )
dr2 21 Re[En × Hn† ] + V +V dr3 12 σ(Re(ω0 ))|En | 2
∂V
E

A

Plug it into the expression of the near-field thermal radiation, we get

 Í Í 


Í 
Dnn
Cnm
Cmn
Dnn
A
E
4 Dnn +DAnn +Dnn F Dnn +DEnn +Dnn F
ϕA = L(ω) 4 Dnn +Dnn
nn F
nn +Dnn +Dnn F +
+D
D
∞
∞
E
E
A
E
A
n m,n
n
 E A ∞
A ∞
Í n n Í nm mn
ηE ηA +
γA γE .
= L(ω)4
n

m,n

(11)

The mode losses in Eq. (11) are defined as
Dnn
E =

∫

Dnn
A =

∫

Dnn
∞ =

∫

VE
VA
∂V

dr 03 12 σE Re(ω0 )|En (r 0)| 2 ,
dr3 12 σA Re(ω0 )|En (r)| 2 ,

(12)

dr2 12 Re(En (r) × H n† (r)),

The coupling term between degenerate modes are defined as
CEnm =

∫

CAmn =

∫

VE
VA

dr 3 σE [Em† (r 0) · En (r 0)],
0

dr3 σA [En† (r) · Em (r)].

(13)
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F is the imperfection factor defined as

|F| =

∫
V

dr3



Re



∂ωε
∂ω



2

ω0

|E| + µ0 |H|

2

 2
.

|N0 | 2

(14)

Under the quasi-static approximation, F approaches 1. The fractional mode losses are defined as
following:
Dnn
E
nn +Dnn F,
+D
Dnn
∞
A
E
Dnn
A
ηAn = Dnn +Dnn
F,
nn
A +D∞
E
nm
C
γAnm = Dnn +DAnn +Dnn F,
∞
E
A
Cmn
γEmn = Dnn +DEnn +Dnn F.
∞
A
E

ηEn =

(15)

Appendix B: Green’s function expansion with degenerate modes
We would like to justify the expansion of the Green’s function with degenerate QNMs. The
consequence of the introduction of degeneracy to the Green’s function or ‘sum rules’ can be
naturally obtained following the derivation as follows.
We verify the expression of Green’s function onto a series of QNMs with degeneracy, namely
Eq. (1):
Õ Õ E
® ng (r) ⊗ E
® ng (r 0)
G(r, r 0, ω) =
,
(16)
n
g ωµ (ω − ω)N g
0 n
nn
where in Eq. (16), the first sum of n runs over all the eigen-frequency ωn , and the second sum of
g runs over all the degenerate modes at each frequency; ⊗ operator represents the tensor product
of two vectors of the same dimension N, which results in an N by N matrix.
As stated in Ref. [46], in the process of expanding the electromagnetic field onto QNMs:
® ω) =
E(r,

M
Õ

® m (r).
αm (ω)E

(17)

m=1

If the system supports degenerate modes, they all have to be included in the expansion. Hence,
a generalized form of Green’s function expansion can be acquired based on the expansion of
field when degenerate modes are included.
The derivation starts from the generalized form of field expansion into QNMs with degeneracy:
® ω) =
E(r,

ÕM Õ

® ω) =
H(r,

ÕM Õ

m=1

m=1

g

g

g

g

® m (r),
αm (ω)E

(18)

g
® mg (r),
αm (ω)H

(19)

g
® located at r 0):
where the expansion coefficients αm is given in Ref. [46] (with the point source P
g 0
® ·E
®m
−ωP
(r )

g

αm (ω) =

h

g
®m
·
(ω − ωm ) ∫ E

which we define as:
g

αm (ω) =

∂(ωε) ® g
∂ω Em

® mg ·
−H

g

∂(ωµ) ® g
∂ω Hm

g 0
® ·E
®m
−ωP
(r )
g
g + fm (ω).
(ω − ωm )Nmm

i

3

d r

+ fm (ω),

(20)

(21)
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g

Note that Nmm , which is defined as:


g ∂(ωε) ® g
g
®m
® mg · ∂(ωµ) H
® mg d3 r,
·
Nmm = ∫ E
Em − H
∂ω
∂ω

(22)

is introduced for dispersive systems, as discussed in Ref. [46], and it satisfies:
g

g0

Nmm = Nmm ,

(23)

because the degenerate modes can be transferred into each other by an unitary operator U, then:
0

0

® ng · E
® ng = U E
® ng U † · U E
® ng U † = U E
® ng · E
® ng U † = E
® ng · E
® ng ,
E

(24)
g

so as for the inner product of magnetic field. So from now on, we omit the superscript in Nmm
which labels the different degenerate modes.
g
Also, as stated in Ref. [47], fm (ω) in the expression of α can be neglected, so the final form of
the expression coefficient is given by:
g

αm (ω) =

g 0
® ·E
®m
−ωP
(r )
.
(ω − ωm )Nmm

(25)

Plug Eq. (25) into Eq. (18), and consider the definition of Green’s function in Ref. [47]:
® ω) = µ0 ω2 G(r, r 0, ω)P,
®
E(r,

(26)

one will get the explicit expression for the Green’s function when the degenerate modes are
supported:
g
g 0
Õ Õ E
®m
®m
(r) ⊗ E
(r )
G(r, r 0, ω) =
,
(27)
m
g ωµ0 (ωm − ω)Nmm
which describes the contribution of a point source located at r 0 to the field at point r.
Appendix C: Degenerate and non-degenerate QNMs supported by paired nanocross
structures
As illustrated in Fig. 5(a), when the nanocross structures are placed close to each other, the
resonant modes supported by a single nanocross will be coupled. The coupling between these
modes results in the hybridized resonant modes supported by resultant paired nanocross structures.
Specifically, the hybridized modes can be categorized into two types. One is the asymmetric
modes (or bounded modes) with a lower energy. This asymmetric mode corresponds to the main
peak as shown in Fig. 5(a) as well as Fig. 2 in the manuscript at the lower angular frequencies. The
associated vectorial electric field component of the resonant modes in the inset of Fig. 3(a) further
proves that it is an asymmetric mode. The other type is the symmetric mode (or unbounded
modes) with a higher energy. The secondary peak at the angular frequency around 5 × 1014 rad/s
is a symmetric mode. Here, we calculate the symmetric mode profile when the gap distance is
200 nm. The corresponding electric field intensity and vectorial component of the electric field
are plotted in Figs. 5(d)–(e) respectively.
According to Refs. [48,49]., the splitting of the symmetric and asymmetric modes is related to
the coupling strength between the two separate optical resonators. In our case, it is positively
correlated with the gap distance between two nanocross structures. When the gap distance is
increased, the coupling strength between nanocross structures decreases. This will lead to a blue
shift of the asymmetric mode and a red shift of the symmetric mode as shown in Fig. 5(b).
For the small peak around 5 × 1014 rad/s, it is identified as a non-degenerate QNM with the
corresponding electric field profile shown in Fig. 5(c). Because the peak around 5 × 1014 rad/s is
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Fig. 5. (a) Mode hybridization of paired nanocross structures. (b) Near-field thermal
emission between paired nanocross structures at different gap distances. (c) Electric field
intensity profile of the symmetric mode for the paired nanocross structure with a gap distance
of 200 nm. (d) x- and (d) z-component of the electric field profile of the symmetric mode.

a distinct QNM compared to the one around 3.5 × 1014 rad/s, the total near-field thermal radiation
between the paired nanocross structures can be predicted by summing up the contributions from
them. The procedure for predicting the secondary peak was described in Ref. [35]. We can first
excite such non-degenerate QNM by placing dipoles around the structure, and then calculate
the corresponding complex resonant frequency, fractional mode losses ηE and ηA . Since this
mode is a non-degenerate mode, the peak intensity and shape can be recoved by the formula
Im2 (ωn )
ψA (ω) = L(ω)4ηE ηA , where L(ω) =
2 . Specifically, the complex resonant
2
[Im (ωn )+(Re(ωn )−ω) ]

frequency for this non-degenerate mode is (5.02 + 0.132i) × 1014 rad/s, and the fractional mode
losses are ηE = ηA = 0.31. With these calculated values, we plot the near-field thermal emission
between the two nanocross structures up to 6 × 1014 rad/s. as shown in Fig. 3(a).
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